Collective motion in nature is a captivating phenomenon. Revealing the underlying mechanisms, which are of biological and theoretical interest, will require empirical data, modelling and analysis techniques. Here, we contribute a geometric viewpoint, yielding a novel method of analysing movement. Snapshots of collective motion are portrayed as tangent vectors on configuration space, with length determined by the total kinetic energy. Using the geometry of fibre bundles and connections, this portrait is split into orthogonal components each tangential to a lower dimensional manifold derived from configuration space. The resulting decomposition, when interleaved with classical shape space construction, is categorized into a family of kinematic modes-including rigid translations, rigid rotations, inertia tensor transformations, expansions and compressions. Snapshots of empirical data from natural collectives can be allocated to these modes and weighted by fractions of total kinetic energy. Such quantitative measures can provide insight into the variation of the driving goals of a collective, as illustrated by applying these methods to a publicly available dataset of pigeon flocking. The geometric framework may also be profitably employed in the control of artificial systems of interacting agents such as robots.
Introduction
Collective phenomena such as avian flocks arise from a variety of ecological influences, including the needs of effective foraging and predator avoidance, and from the influence of physical stimuli (e.g. aero-dynamical forces, visual perception of neighbours). In field studies, precise tracking of the physical coordinates of individual birds is essential to uncovering the characteristics of flocks, the interactions between individuals and the mechanisms that generate them. In the analysis of these empirical data, it is useful to limit the arbitrariness of coordinate systems by working with a coordinate system that moves with the flock (a centre of mass frame). Such process can be taken further to track the morphology and ensemble properties of the collective. To this end, the work reported here exploits and further develops the geometric structure of configuration space of a collective, using the language of fibre bundles. The resulting constructions enable representation of movement by decompositions into kinematic modes induced by the fibre bundle structure.
A considerable body of literature suggests that coherent movement in biological collectives arises from limited and local interactions between individuals (see [1] [2] [3] and references therein). Bottom-up models of such interactions have been devised using feedback control laws [4] [5] [6] and subject to mathematical analysis. Methods of statistical mechanics have been employed to examine data and create models emphasizing averaged effects as opposed to individual movement [7, 8] .
The top-down geometric approach introduced here is complementary to this prior work and is inspired by the n-body problem of classical mechanics, the study of movement of particles subject to forces such as Newtonian attraction. A geometric viewpoint, complementing the analytic viewpoint focused on forces and dynamics, generated fundamental insight into the n-body problem, specifically on the interaction between internal motions (vibrations) and spatial rotations [9] . In this paper, a similar geometric approach is developed to analyse data on biological collective motion and for future applications to technological synthesis of such motion (in robots for instance).
Treating individuals as point particles, as in the n-body problem, snapshots of collective motion are portrayed as tangent vectors on the differentiable manifold of configurations. The manifold is endowed with a Riemannian metric defined by the kinetic energy of the system of particles. Projections (fibrings) of the collective configuration space onto certain lowerdimensional spaces, give fibre bundle structures to the space. Vertical tangent directions, defined as those lying in the kernel of the linearized projection, have a metric-orthogonal complementthe horizontal space of a connection. In the classical n-body problem, quotienting out the action of the rigid motion group on configuration space yields a projection onto the (3n − 6)-dimensional space of shapes and the (classical) fibre bundle is of the principal type. (In related work [10, 11] , statisticians use the term space of shape-and-size in referring to this quotient.) In this paper, a novel fibring is obtained by projecting onto a space of ensemble quantities, specifically the sixdimensional space of inertia tensors. Just as the centre of mass corresponds to the first central moment of a collective: Here, r i ∈ R 3 , i = 1, . . . , n are the individual positions, m i the masses and m tot = n i=1 m i the total mass. (In treating heterogeneous collectives, we may choose to use effective masses and effective kinetic energy to account for differences in manoeuverability, as opposed to true masses.) The ensemble inertia tensor K indicates how individuals are distributed around the centre of mass, and its eigenvalues are directly related to the radii of gyration which reflect the spatial extent of the collective in each principal direction (figure 1). Taken together, the classical fibring by shape and the new one by ensemble inertia tensor, permit decomposition of an arbitrary snapshot into a set of kinematic modes-rigid translation, rigid rotation, shape deformation, inertia tensor transformation and residual (higher moment) effects. Interleaving the two fibrings reveals interesting dualities and commonalities. The vertical-horizontal splittings of a snapshot by a connection can be given scalar weights in terms of kinetic energy. Such energy allocation fractions may reveal what a collective (such as a bird flock) is attempting to do. For example, animal collectives migrating or homing may have a strong rigid translation component, whereas animal collectives under attack by a predator may instead have stronger rotation (e.g. fish schools) or compression (e.g. bird flocks) components. Comparisons of the energy allocations across time, across events and across species could be a useful tool for researchers investigating collective phenomena in nature. Additionally, significant allocations to a kinematic mode of residual type (higher moment effects) would suggest essential complexity in the observed behaviour that merits deeper study. A note of caution is in order here. In natural flocks, the notion of (instantaneous) intent may be ambiguous when compared with the notion of purpose (such as foraging in honeybees, or nest-site search in ants) spread over time. Flock transitions between kinematic modes may have multiple explanations. So a well-developed understanding of the experimental data, including methods of collection and context, as well as insight from biologists may be essential to resolve questions of intent or purpose. This paper supplies quantitative tools to guide such inquiry. Applications of similar nature may arise when a defensive surveillance platform is engaged in seeking to infer the intent of an approaching swarm of autonomous agents (e.g. unmanned aerial vehicles). This paper is organized as follows. In §2, we formally state our geometric approach to collective motion, and sketch the framework of fibre bundles and connections. In §3, we introduce the simple fibring and connection that isolates the rigid translation of the collective. This step is the precursor to all other decompositions. In §4, we introduce two distinct fibrings of the reduced space of configurations referred to the centre of mass. The shape fibring is the principal fibre bundle construction which formalizes the concept of shape. It is rooted in the n-body problem of Newtonian mechanics, ranging from celestial mechanics [12] to the coupling of rotational and vibrational spectra in chemistry [13] . The ensemble fibring is instead the fibre bundle associated to the ensemble inertia tensor of the collective. In §5, we derive the formulae for orthogonal splitting of a snapshot, both in the context of the shape fibring and of the ensemble fibring. Further refinements are shown to reveal interesting relationships between the two fibrings and to identify other elementary motions of interest, such as expansions or compressions of the collective. Any orthogonal decomposition of collective motion yields, by construction, a splitting of kinetic energy into additive components. In §6, we suggest energy ratios as a means to characterize observed collective behaviour, and illustrate this by analysis of a published dataset on pigeon flocking (http://hal.elte.hu/pigeonflocks, see [14] ).
Historical remark. In the work of Hausmann et al. [15, 16] , with a strong focus on topological aspects, configuration space relative to centre of mass is identified with the space of polygons, allowing certain degenerate polygons and hence the resulting quotients by homothety and orthogonal group display singularities and stratification. For us, such phenomena are ruled out due to the restrictions we place on allowable configurations, and we obtain bundle structures. Hausmann and co-workers [15, 16] define a map from a polygon to the ordered n-tuple of side lengths, and understanding the properties of this map yields key insight into the stratification of the space of polygons. By contrast, in our paper we use a map from a configuration to its ensemble inertia tensor, to construct the ensemble fibring (under the restriction of non-planarity of configurations). Hausmann and co-workers [15, 16] are not concerned with our primary focus on Ehresmann connections (for splitting flock motion into kinematic modes).
Problem statement and preliminaries
We define the configuration space for collectives of size n as a matrix space:
in which the n-individual positions are stacked column-wise. The space of (snapshots of) collective motions, starting from configuration r ∈ R, is thus the tangent space:
where v ri ∈ R 3 , i = 1, . . . , n are the individual velocities. The kinetic energy,
defines an associated Riemannian metric on R:
., . r :
where M = diag(m 1 , . . . , m n ) is the diagonal matrix of masses and tr(·) is the trace operator. In fact, E(v r ) = 1 2 v r , v r with respect to (2.4). Two vectors v r , w r ∈ T r R are orthogonal with respect to this metric if and only if they contribute independently to the kinetic energy of the collective:
(2.5)
Our programme will be to reduce the configuration of the collective to lower dimensional representations, and to compute orthogonal decompositions of collective motion that divide the components directly affecting the chosen reduced representations from those that leave them invariant. We will focus on two types of reduced representations: those invariant to changes in the absolute reference frame, as in the classical n-body problem, and those involving the lower order moments of the spatial distribution of individuals (1.1) and (1.2). The natural geometric framework to pursue this programme is that of fibre bundles and connections. Sections 2a,b contain a rapid overview of the geometric concepts central to this paper, but the reader might seek standard sources such as [17] [18] [19] for detailed expositions.
(a) Fibre bundles referred to as fibre and base space, respectively. Let π : P → B be a smooth surjective submersion, i.e. a smooth onto mapping whose derivative dπ p is onto ∀ p ∈ P, referred to as the bundle projection. Then the tuple (P, π , B, F) is a (smooth) fibre bundle if ∀ b ∈ B the inverse image π −1 (b), called the fibre over b, is a diffeomorphic copy of the fibre F, and each b ∈ B has a neighbourhood U ⊂ B and a fibre-respecting diffeomorphism ϕ :
. Hence π −1 (U) is diffeomorphic to U × F, and every point p ∈ π −1 (U) can be uniquely identified by a pair (b, f ), b ∈ U, f ∈ F (figure 2a). This property is called local triviality of a fibre bundle, and when ϕ extends globally (i.e. P ∼ = B × F) the fibre bundle is called globally trivializable.
Sufficient conditions for a fibre bundle, which will be used later in theorem 4.3, are provided by the following lemma (see section 17.2 of [17] and section 3.4 of [19] ). The fibre bundle is denoted by the triple (P, π , B) when the fibre manifold is not explicitly determined. The existence of a free and proper Lie group-action on a manifold is also sufficient to define a fibre bundle; fibre bundles defined in this fashion are called principal [18] .
Definition 2.3 (Principal fibre bundle).
Let G be a Lie group acting freely and properly (say on the left) on the smooth manifold P, i.e. for each g ∈ G there is a mapping Φ g : P → P such that Φ g (p) = p ⇔ g = e, the identity of the group, Φ gh (p) = Φ g (Φ h (p))∀ g, h ∈ G, p ∈ P, and the mapping (g, p) → (Φ g (p), p) is proper. Let P/G denote the quotient space whose elements are the equivalence classes for the equivalence relation p ∼ p ⇐⇒ ∃g ∈ G s.t. p = gp = Φ g (p), and let π G be the (projection) map from each point of P into its equivalence class. Then (P, π G , P/G, G) is a principal fibre bundle. The fibres in this case are diffeomorphic to the Lie group G.
(b) Connections
Given a fibre bundle (P, π , B, F), at any point p ∈ P the kernel of the differential dπ is called the vertical space at p, denoted V p , and is the tangent space to the fibre through p (cf. figure 2) . 
Definition 2.4 (Ehresmann connection). An
We focus on manifolds equipped with a Riemannian metric ., . , and on the Ehresmann connection uniquely defined by the orthogonal projection:
We furthermore define, ∀ p ∈ P, an horizontal space H p ker A p such that T p P = V p ⊕ H p , and refer to the tangent vectors belonging to this space as horizontal. Given a connection, any tangent vector v p on total space can be uniquely decomposed into the sum of a vertical tangent vector A p (v p ) and a horizontal tangent vector hor(v p ) = v p − A p (v p ). The connection defined by (2.6) is the one that guarantees orthogonality between the horizontal and vertical components of a tangent vector:
Given a tangent vector v b ∈ T b B and a point p ∈ π −1 (b), there exist many tangent vectors in T p P that project to v b under dπ , but only one that is horizontal (for the given choice of connection). We refer to this vector as the horizontal lift of v b to T p P, denoted lift p (v b ), and we obtain it as:
, where v p ∈ T p P is any tangent vector that projects to v b under dπ (figure 2b). This mapping between horizontal tangent vectors in the higher-dimensional total space and tangent vectors in the lower-dimensional base space, induces a Riemannian metric on the latter. Definition 2.5 (Induced metric on base space). Let the Ehresmann connection be defined as in 2.6, for a Riemannian metric that is invariant along the fibres:
we define the induced metric on base space as follows:
where p is any point belonging to the fibre over b.
For a principal fibre bundle, the fibres are diffeomorphic to a Lie group G, and every vertical tangent vector can be generated from an element of its associated Lie algebra g. This leads to the following specialization of definition 2.4.
Definition 2.6 (Principal connection).
A principal connection A on the principal bundle (P, π G , P/G, G) is an equivariant g-valued one form A : TP → g that satisfies, ∀ p ∈ P, A(ξ P (p)) = ξ ∀ ξ ∈ g, where ξ P is the infinitesimal generator (vector field on P) corresponding to ξ ∈ g.
A principal connection A can be put in one-to-one correspondence with an Ehresmann connection A as follows:
. Given a Riemannian metric on P, there is therefore a uniquely defined principal connection that produces orthogonal splitting of tangent vectors and, provided that the metric is G-invariant, an induced metric on the base space can be obtained as in 2.7.
Rigid translation fibring and connection
We start our programme by considering translations of the absolute reference frame as actions of the additive Lie-group (R 3 , +) on the collective configuration space R:
This action is clearly free and proper, and thus defines a principal fibre bundle (R, π R 3 , R/R 3 , R 3 ). The quotient space R/R 3 , in the classical literature of n-body problems [9] , is parametrized via Jacobi vectors, a set of n − 1 linear mass-weighted combinations of individual positions that are translation invariant. We choose instead to use the positions relative to the centre of mass, denoted c 1 r 1 − r com , c 2 r 2 − r com , . . . , c n r n − r com , which are translation invariant but are related to and replace the quotient space R/R 3 , with an equivalent (3n − 3)-dimensional subspace of R 3×n , which will be denoted as C (we use abbreviation s.t. for such that):
3)
The fibring of collective configuration space is globally trivialized by the mapping between configurations r ∈ R and pairs r com ∈ R 3 , c ∈ C defined by:
From this fibring, we can derive a first orthogonal decomposition of collective motions (recall figure 2). The details of the derivation, which is quite straightforward, are left to the electronic supplementary material, section (a).
Proposition 3.1. The Ehresmann connection associated with the fibre bundle
where v com
is the centre of mass velocity. The corresponding orthogonal decomposition of collective motion is thus:
where
is the relative motion of the collective with respect to its centre of mass.
Hence, the vertical motions defined by the Ehresmann connection (3.4) are rigid translations of the collective (all individuals moving with same velocity), whereas the horizontal motions are those that leave the centre of mass invariant. Thus, we refer to the principal fibre bundle (R, π R 3 , R/R 3 , R 3 ) and its associated connection as the rigid translation fibring and connection. The kinetic energy associated with a collective motion v r can be split into the sum of a vertical contribution due to the rigid translation of the collective (denoted as E com ) and a horizontal contribution due to the relative motion of the individuals with respect to the centre of mass (E rel ):
An alternative expression of E rel in terms of the individual velocities is derived in the electronic supplementary material, section (b) (see also [20] ). 
Two fibrings of C
The rigid translation connection provides a geometrically sound method for isolating the rigid translation component of a collective motion. To focus on higher-order motions, there are two paths. We start by characterizing the space of configurations relative to the centre of mass, and defining an induced Riemannian metric on this space as in definition 2.5.
Let C be the relative configuration space, defined by (3.3). The space of (snapshots of) relative collective motions, starting from c ∈ C, is the tangent space:
As the Riemannian metric (2.4) is manifestly invariant to the group-action (3.1), it induces a well-defined metric on C:
The (translation-reduced) relative configuration space C, equipped with metric (4.2), admits two alternative fibrings. The first, referred to as shape fibring, isolates the effect of rigid rotations of the collective (or, equivalently, of the absolute reference frame). The second, ensemble fibring, isolates the second-order collective motions, which affect the ensemble inertia tensor.
(a) Shape fibring
Rotations of the absolute reference frame define a left-action of the matrix Lie-group SO(3), the group of rotation matrices in three dimensions, on the relative configuration space C:
This action is not free at the collinear (1-dimensional) configurations; if all c i 's are in the same direction, then the rotations about the common direction form an isotropy subgroup of SO (3), leaving invariant the relative configuration. However, (4.3) is a free (and proper) action on the space of all other configurations, those that are at least two-dimensional (planar or fully threedimensional): (3)), where the quotient space (3) is referred to as the (Jacobi) shape space, as in the n-body problem. Its elements are, in fact, invariant to both translations and rotations of the reference frame and thus capture the possible intrinsic shape of the collective. We refer to this fibre bundle as the shape fibring. This fibre bundle is not trivial, i.e. it does not admit a smooth global mapping between configurations c ∈ C 2 + d and pairs s ∈ S, Q ∈ SO(3) [9] . Another limitation is that the shape space has dimension 3n − 6, growing with the number of individuals, and is hard to parametrize; one often relies on combinations of inner and cross products between Jacobi vectors, with complicated physical interpretation and visualization except for small n. For the scope of this paper, we will only be interested in the shape fibring to isolate the rigid rotation component of motion from the other components (shape transformations). This will be achieved, without any explicit choice of shape variables, by finding the Ehresmann connection associated with this fibre bundle for Riemannian metric (4.2) (shape connection, see §5a). We will mostly focus, instead, on a novel fibre bundle that overcomes some of the limitations of the shape fibring. This alternative fibring is not obtained through invariance to group actions, as those introduced so far, but through direct projection to the space of ensemble inertia tensors. Unlike shape, the ensemble inertia tensor lives in a six-dimensional manifold independent of the number of individuals and easy to physically interpret and visualize. Moreover, we will prove that the new fibre bundle is globally trivializable.
(b) Ensemble fibring
Consider the projection map that takes a relative configuration c ∈ C and maps it into its corresponding ensemble inertia tensor, defined by (1.2):
Let C 3d be the subset of configurations that are fully three-dimensional (i.e. excluding planar configurations from (4.4)):
is an open subset of the manifold C, obtained removing the closed set of planar configurations, hence it is a manifold. In this section, we show that the projection map (4.5), when restricted to (4.6), defines a globally trivializable fibre bundle. 
sym,>0 , the space of symmetric, positive definite, 3 × 3 matrices.
Proof. Since M is diagonal, every K = cMc T is symmetric. It is also positive semidefinite:
Hence rank(K) = rank(c), using the facts that rank(A) = rank(A T ) = rank(A T A) for each matrix A, and that M 1/2 is full rank. In particular, rank
sym,>0 . Conversely, let K be any given matrix in R 3×3 sym,>0 . Then, there exists at least a c ∈ C 3d that is mapped to K by (4.5):
are constants, λ 1 , λ 2 , λ 3 are eigenvalues of K (∈ R + ), and Q ∈ SO(3) is a corresponding matrix of eigenvectors. Note that, since K is symmetric positive definite, an eigenvalue decomposition K = Q T ΛQ, Λ = diag(λ 1 , λ 2 , λ 3 ), always exists. A constructive derivation of (4.8) can be found in the electronic supplementary material, section (c). This proves that R Proof. The restricted projection map is clearly surjective and smooth. We thus only need to prove, at each c ∈ C 3d , the surjectivity of the differential map dπ c : 
Here sym(·) is the operator that returns the symmetric part of a matrix. From lemma 4.1,
sym,>0 and therefore T K K = R 3×3 sym , since the tangent vectors to the space of symmetric positive definite matrices are themselves symmetric (not necessarily positive definite) matrices. We complete the proof by constructing, for any given C K ∈ R 3×3 sym , a v c ∈ T c C 3d such that 2 sym((cM 1/2 )(v c M 1/2 ) T ) = C K . We can guarantee that (cM 1/2 )(v c M 1/2 ) T = C K /2, satisfying the above, by taking (v c M 1/2 ) T to be the product of the pseudo-inverse of cM 1/2 (which exists since the matrix is full rank) and C K /2:
We thus have the following candidate for v c : v c = 1 2 C K K −1 c, and we only need to prove that
Note that the differential map (4.9) is linear in c, hence it would lose rank at configurations that are not full-rank, justifying the restriction of the projection map to C 3d . Proof. We have shown that π : C 3d → K is a smooth surjective submersion. Moreover, K = R 3×3 sym,>0 is diffeomorphic to R 3×3 sym , with diffeomorphism given by the matrix logarithm. Thus, K ∼ = R 3×3 sym ∼ = R 6 . If we can show that π is proper, then lemma 2.2 guarantees that (C 3d , π , K) is a globally trivializable fibre bundle. Consider the subspace topologies on C 3d ⊂ R 3×n and K ⊂ R 3×3 . Then the notion of compact set in C 3d and K corresponds to the notion of closed and bounded set. Since π is a continuous map, the inverse image of each closed set is closed. Now let B K be a bounded set in K; then there exists α < ∞ s.t. tr(
Here m min is the smallest mass. Since max i |c i | is a norm in C 3d , this proves that the inverse image of each bounded set is bounded. Thus, π is a proper map and, by lemma 2.2, (C 3d , π , K) is a globally trivializable fibre bundle.
Finally, we show that the fibres are diffeomorphic to the Stiefel manifold V n−1,3 :
where 1 is the identity matrix (here ∈ R 3×3 ). By the pre-image theorem [21] , lemma 4.2 guarantees dim : 3n -3 Figure 4 . Schematic of (a) shape fibring and (b) ensemble fibring.
material, section (d)), it is indeed possible to establish a family of diffeomorphisms between π −1 (K) and V n−1,3 :
where W is any n × (n − 1) matrix with orthonormal columns (i.e. W ∈ V n,n−1 ) that are all orthogonal to the vector [
The smoothness of mappings (4.11) and (4.12) follows from their linearity in the arguments. This is a family of diffeomorphisms, parametrized by the choice of W (hence the double suffix), any of which can be used to complete the proof. The ensemble fibring (C 3d , π , K, V n−1,3 ) was not derived through a Lie-group action and therefore is not a principal fibre bundle. However, its fibres can still be described as orbits of a matrix group acting on C 3d . Let D be the matrix group defined as follows:
where O(n − 1) is the (n − 1)-dimensional orthogonal group. Then, it can be easily proved (see the electronic supplementary material, section (e)), that the fibre over any ensemble inertia tensor K can be reconstructed from an arbitrary elementc ∈ π −1 (K) as follows:
i.e. as the orbit of D starting fromc. It is trivial to check that D as in (4.13), is a group. We refer to D as the democracy group, because it acts through right multiplication, is diffeomorphic to O(n − 1), commutes with the left action of SO (3), and is a symmetry group for the metric induced by kinetic energy (see the electronic supplementary material, section (f)). All these properties make it analogous to the democracy group classically defined in the context of Jacobi vectors [9] . As we already proved that the fibres are diffeomorphic to the Stiefel manifold (4.10), which has lower dimensionality than D, it is clear that the action of the democracy group on C 3d cannot be free. In fact, it is well-known that V n−1,3 = O(n − 1)/O(n − 4) [22] , thus this action has an isotropy subgroup equivalent to O(n − 4) at each configuration. This explains why the ensemble fibring cannot be described as a principal fibre bundle. The schematics in figure 4 , which follow the same conventions of figure 3a, compare the novel ensemble fibring and the classical shape fibring introduced earlier.
Having established the geometry of the ensemble fibring, it is now possible to isolate, from arbitrary collective motions, the second-order components that modify the ensemble inertia tensor from the residual terms that preserve it but produce higher-order collective motions. This will be achieved by finding the Ehresmann connection (referred to as ensemble connection in §5b) associated with this fibre bundle for Riemannian metric (4.2). 
Orthogonal decompositions
In this section, we derive the formulae for orthogonal decomposition of (snapshots of) collective motion relative to the centre of mass, first in the context of the shape fibring, and then in the context of the ensemble fibring. These decompositions are then further refined through a fibring of the space of ensemble inertia tensors, and converted into formulae for splitting the kinetic energy of the collective into additive components.
(a) Shape connection
The shape fibring falls under the category of simple mechanical systems with symmetry, for which the principal connection (referred to as mechanical connection in this context) was derived by Smale [23] . Here we recall the relevant results (presented as in [24] ), and apply them to compute the Ehresmann connection for the shape fibring, which we will refer to as shape connection.
Let (P, π G , P/G, G) be a principal fibre bundle with a Riemannian metric on P that is invariant to the group action. Such bundle structure is the setting for a simple mechanical system with symmetry. The principal connection that gives orthogonal splitting of tangent vectors with respect to the metric (equivalently, kinetic energy) is the mechanical connection defined as
where J is the equivariant momentum map:
and I is the locked inertia tensor:
The map I p is called the locked inertia tensor since, for coupled rigid or elastic systems, it is the moment of inertia of the system with all joints locked.
Indeed, one can show that (5.1) satisfies the properties of a principal connection (e.g. [24] ) and its associated Ehresmann connection (A p (v p ) = (A p (v p )) P (p)) satisfies the orthogonality condition:
Let us now consider the principal fibre bundle associated with the shape fibring: fibring corresponds to a simple mechanical system with symmetry, and we just need to find the corresponding mechanical connection using (5.1)-(5.3). The following can also be found in [9] , although in a Jacobi-vector formulation. Proof. see the electronic supplementary material, section (h).
Remark 5.2.
There is one-to-one correspondence between the moment of inertia tensor (5.5) and the ensemble inertia tensor (1.2): I = tr(K)1 − K, and conversely K = The formula for the shape (mechanical) connection then directly follows from (5.1). 
Theorem 5.3. The mechanical connection for the shape fibring is given by
A c (v c ) = I
The corresponding Ehresmann connection (shape connection) is thus:
A c (v c ) = [A c (v c )] C 2 + d = [I
(b) Ensemble connection
Unlike the shape fibring, the ensemble fibring was defined by explicitly specifying a projection map π (4.5) . Hence, from the kernel of the differential map dπ (4.9) we can directly compute the vertical bundle containing all the motions along the fibres. These are the motions that leave the ensemble inertia tensor unaltered, which we will refer to as democratic motions because they are constrained to be tangential to orbits of the democracy group (recall (4.13) and (4.14)).
Lemma 5.4. At any configuration c ∈ C 3d , the vertical space V c is given by
Next, we derive the horizontal space as the orthogonal complement to the vertical space. We refer to motions in this space as inertia tensor transformations as they modify the ensemble inertia tensor (and the moment of inertia tensor) and all their kinetic energy is allocated to this task. hence its dimension must be equal to dim(T c C 3d ) − dim(V c ) = (3n − 3) − (3n − 9) = 6. By a simple dimensional argument, the set on the right-hand side in (5.9) is thus actually the whole H c .
Finally, we can compute the Ehresmann connection by requiring that the vertical and horizontal components of a tangent vector belong to (5.8) and (5.9), respectively. (C 3d , π , K, V n−1,3 ) , the Ehresmann connection associated with metric (4. (including the shape connection), the curvature does not vanish everywhere, hence even a trajectory with tangent vectors that are all horizontal may produce some vertical displacement along the fibres.
Theorem 5.6 (Ensemble connection). For the fibre bundle
The orthogonal decomposition associated with the ensemble connection is schematically summarized in figure 5b. The side-by-side comparison between the two decompositions (figure 5a,b) reveals an interesting complementarity, which is surprising given that the two decompositions were defined following independent approaches. In both decompositions, one of the elementary terms (horizontal or vertical) is in the form M(c, v c )c for some matrix M(c, v c ) M(c, v c ) = S(c, v c ) , given by the solution to (5.11), is symmetric. We will show that there is an even stronger relation, i.e. orthogonality, between rigid rotations and a subclass of inertia tensor transformations which we refer to as inertia tensor deformations.
(c) Decomposition of inertia tensor transformations
Here we introduce a fibration of the space of ensemble inertia tensors K, and the associated connection that allows to decompose any inertia tensor transformation into two orthogonal components, one representing rotation and the other deformation of the ensemble inertia tensor.
We start by recalling that the Riemannian metric (4.2) is invariant to actions of the democracy group (electronic supplementary material, section (f)), and hence invariant along the fibres. Thus, there is a well-defined induced metric on base space K, given by definition 2.5: where S and T are solutions to the Lyapunov equations
A more explicit formula for the induced metric, which will be useful later, can be obtained from an eigendecomposition of 
Note that (5.14) and (5.17) are different from the canonical metric on the space of symmetric positive definite matrices, which is . [26] ). Now consider similarity transformations of the ensemble inertia tensor as group-actions of the matrix Lie-group (SO(3), ·) on K (alternatively, this can be thought as the group action (4.3) being pushed forward from C 3d to K by the projection map (4.5)):
This action is not free for ensemble inertia tensors that have repeated eigenvalues: any rotation about an axis orthogonal to the (at least) two-dimensional eigenspace associated with the repeated eigenvalues does not affect the ensemble inertia tensor. However, (5.18) is a free (and proper) action on the space of ensemble inertia tensors that have three distinct eigenvalues, which we denote as
Thus the group action (5.18), restricted to K * , defines a principal fibre bundle The quotient space K * /SO(3) can be parametrized using smooth functions of the ensemble inertia tensor that are invariant to similarity transformations. In particular, given any matrix K ∈ R 3×3 , the coefficients of its characteristic polynomial λ 3 − tr(K)λ 2 + 1 2 [(trK) 2 − tr(K 2 )]λ − det(K) (here det(·) is the determinant operator) are invariant to similarity transformations and are polynomial functions of the entries of K, hence smooth. So we will use these coefficients to parametrize K * /SO (3) , and explicitly define the projection map π SO(3) as follows:
We now derive the connection associated with the new fibre bundle to find the orthogonal decomposition of an arbitrary tangent vector S K ∈ T K K * into a vertical and an horizontal component. We follow the same steps used for the ensemble connection, by first characterizing the family of vertical tangent vectors (in the kernel of dπ SO (3) ), then the family of horizontal tangent vectors orthogonal to all vertical ones, and finally finding elements of each family adding up to S K . 22) or equivalently: 
Lemma 5.8. For any ensemble inertia tensor K
∈ K * , the vertical space V K = ker dπ SO(3) (K) is V K = {S K ∈ T K K * = R 3×3 sym s.t. tr(S K ) = 0, tr(KS K ) = 0, tr(K −1 S K ) = 0},(5.V K = ⎧ ⎪ ⎨ ⎪ ⎩ S K ∈ T K K * = R 3×3 sym s.t.S K QS K Q T = ⎡ ⎢ ⎣ 0S K12SK13 S K12 0S K23 S K13SK23 0 ⎤ ⎥ ⎦ ⎫ ⎪ ⎬ ⎪ ⎭ ,(5.
The horizontal space H K , orthogonal to V K with respect to metric (5.17), is instead given by
Proof. see the electronic supplementary material, section (j).
It is now evident that the vertical component of an arbitrary tangent vector S K ∈ T K K * can be found in three steps: (i) apply similarity transformation Φ Q to obtainS K Φ Q (S K ) = QS K Q T , (ii) keep only the off-diagonal elements ofS K , while setting to zero the other elements (we denote the resulting matrix as (S K ) off diag ), (iii) apply inverse similarity transformation Φ Q T to (S K ) off diag . The horizontal component of S K can be obtained with an analogous procedure in which the diagonal elements ofS K are selected in place of the off-diagonal ones (we denote the relevant matrix as (S K ) on diag ). These results are gathered together in the following theorem and schematically illustrated in figure 6b.
Theorem 5.9. For the fibre bundle (K * , π SO(3) , K * /SO(3), SO(3)), the Ehresmann connection associated with metric (5.17) is given by: 25) whereS K = QS K Q T , and the orthogonal decomposition of any S K ∈ T K K * is thus:
We now return to the context of collective motions. We have previously showed that inertia tensor transformations are horizontal with respect to the Ehresmann connection associated with the ensemble fibring (C 3d 
We refer to the first term of (5.27), which is the lift of a vertical tangent vector to K * , as the inertia tensor rotation, because it modifies the eigenvectors of the ensemble of inertia tensor but not its eigenvalues, and hence only induces a rotation on the ellipsoid associated with the ensemble inertia tensor (cf. figure 1) . Conversely, we refer to the second term, which is the lift of a horizontal tangent vector to K * , as the inertia tensor deformation, because it deforms such ellipsoid. Figure 6c shows the orthogonal decomposition (5.27) next to the one in the base space (5.26) .
We can derive the inertia tensor rotation and the inertia tensor deformation produced by any arbitrary collective motion v c ∈ T c C 3d by applying decomposition (5.27) to the inertia tensor transformation component of v c (which has S(c, v c ) given by (5.13) ). In the special case that the collective motion is a rigid rotation (relative to the centre of mass),
skew , the induced inertia tensor deformation is zero, since F Λ (c, A(c, v c ) c) has all diagonal elements vanishing (see the electronic supplementary material, section (l)). This is not surprising, as rotations of the individual positions relative to the centre of mass will only cause rotations (but not deformations) of the ellipsoid that fits the spatial distribution of individuals (figure 1), and of the associated ensemble inertia tensor. Interestingly, it can be proved that inertia tensor deformations and rigid rotations are always orthogonal to each other because the opposite is also true: if we apply the shape-based decomposition to any inertia tensor deformation, we find that the latter is purely a shape transformation, with no rotation component. Theorem 5.12 thus shows that inertia tensor deformations and rigid rotations, despite arising from different fibrings and connections, are in a sense dual of each other. Inertia tensor deformations, in particular, are not only special for the ensemble-based decomposition in which they were derived (as a family of inertia tensor transformations) but are also special in the shapebased decomposition, as a family of shape transformations. In fact, given an arbitrary collective motion v c ∈ T c C 3d , we can also decompose it as follows (in alternative to (5.29)): Among all inertia tensor deformations, a subset of special interest is that of the expansions or compressions of the collective. These are the motions that exclusively change the volume of the collective, and hence the spatial density of the individuals, without affecting any other property. To accomplish such a motion, each of the individuals must move straight away from the centre of mass (for expansions) or straight towards the centre of mass (for compressions) at the same rate, i.e. v c = αc for some rate α ∈ R. It is clear that these motions belong to the family of inertia tensor deformations v c = Q T diag(S 11 ,S 22 ,S 33 )Qc, withS 11 =S 22 =S 33 = α. We conclude this section with one last orthogonal decomposition, which allows to identify the contribution of this type of volume-changing motion within any arbitrary collective motion, by isolating it from the general inertia tensor deformation component. Proof. see the electronic supplementary material, section (n).
(d) Energy splittings
The orthogonal decompositions derived above allow to split any snapshot of collective motion, i.e. any tangent vector to the collective configuration space, into sums of geometrically elementary components. Having used the metric induced by kinetic energy, orthogonal components contribute independently to the kinetic energy of the collective (recall (2.5)). Hence each orthogonal decomposition introduced earlier also yields a splitting of kinetic energy into additive components, each representing the energy contribution of an elementary motion. Figure 7 summarizes all the possible splittings of kinetic energy that can be obtained combining the orthogonal decompositions derived earlier. For example, figure 7a refers to the splitting (3.7), that was directly derived from orthogonal decomposition (3.5). Similarly, figure 7b'-c' and figure 7b"-c" refer to the two alternative splittings that can be derived from either (5.29) or (5.30), and figure 7d refers to the splitting that can be derived from (5.31). Here we just report the formulae for the energy contributions of some key elementary motion components of v r (details of the derivation can be found in the electronic supplementary material, section (o)): and the formulae for E com and E rel already reported in (3.7), all the other energy terms in figure 7 can be derived as follows: E ens = E ens.rot + E ens.def , E dem = E rel − E ens , E shp = E rel − E rot , E shp.res = E shp − E ens.def and E ens.res = E ens.def − E vol . The importance of the energy splittings is that, independently of the size of the collective, they always return scalar quantities suitable for compactly analysing and visualizing elementary contributions within an observed collective motion.
Data analysis and visualization
Collective motions in nature result from individual behaviours driven by many interactions and goals, both local and global. Birds in a flock, for example, may steer so as to avoid collisions with their neighbours, navigate towards desired locations (e.g. food sources) and away from predators, and to remain efficient in their flight. The interplay between local interactions within the flock and global interactions with the environment and external actors, produces rich behaviours extremely fascinating but also complex to analyse.
We argue that breaking down a complicated observed collective motion into simpler, better understood elementary components, may be useful to gain insight on the goals driving the collective. The orthogonal decompositions and energy splittings described earlier can be used towards this purpose, as they allow to quantify the contributions of different collective kinematic modes. The contributions of each elementary motion can be compared across time, to identify critical moments in which the goals change for the whole collective or at least for some of its members. They can also be analysed statistically and compared across collective events to identify similarities and differences between natural phenomena.
To exemplify how such an analysis could be conducted, and its results visualized, we have analysed published data from pigeon flocking (http://hal.elte.hu/pigeonflocks, see [14] ) and summarized the most relevant results in figure 8 (details of the analysis are in the electronic supplementary material, section (p)).
Figure 8a-f shows the time evolution of the energy ratios for a representative section of homing flight and a free flight around a roosting site. In both events, the two alternative decompositions (6.1) and (6.2) gave almost identical results, making one of them effectively redundant; in fact, E rot and E ens.rot were very close to each other, with E rot often a bit larger. Not unexpectedly, the homing flight was very close to a rigid translation, with all the pigeons moving almost synchronously. However, the energy decomposition revealed an interesting period of time in which the synchronization was temporarily lost; inspection of the trajectories shows that two of the birds deviated from the common trajectory of the others during that period. The free flight is more interesting than the homing flight, in that periods of pure rigid translation were alternated with periods with significant rigid rotation and volume-changing motions (accounting, respectively, for up to 50 and 20% of the total energy, figure 8g ). Statistical analysis of multiple free flights (n = 6) confirmed that rigid translation, rotation and expansion or compression were consistently the three main components of motion (figure 8h), together accounting for at least 90% of the energy 97% of the time (figure 8i). This cannot be explained by chance, as both E rot and E vol would play a much smaller role (and the shape transformation energy E shp.res a much larger one) if the bird velocities were randomly distributed around the centre of mass velocity (electronic supplementary material, section (p)). The relevance of the rigid rotation energy may reflect, instead, the strategic choice of the pigeons to fly at an almost stationary height relative to the ground, which enforces rotation about the gravity axis. We remark that, of course, this energy-based analysis method is only one of many different approaches that could be used to study collective motion in nature. A combination of methods will be needed to reveal the mechanisms behind these phenomena. A complementary approach reported in [27] , for example, excludes translations, rotations and expansions or compressions of the collective to focus on correlations between fluctuations of individual movements (relative to the sum of these global motions). The exclusion of the three kinematic modes in [27] was based on intuition (our findings, although in pigeon flocks rather than insect swarms, are in fact consistent with these modes being the main ones) and carried out via an optimization procedure. The methods presented in this paper provide a systematic and principled alternative for evaluating the importance of individual kinematic modes and including or excluding modes at-will in further analysis, that could be applied also to such data. 
Conclusion
We have introduced a geometric framework in which snapshots of collective motion are orthogonally decomposed into sums of simpler components. This is accomplished by constructing fibrings of the configuration space of a collective in two different ways, and deriving associated connections (figure 2). The first way consists of decomposition into a sum of rigid translation, rigid rotation and shape transformation as in the classical fibring of the n-body problem (figures 3, 4a and 5a). A main contribution of this paper is the derivation of the ensemble fibring (figure 4b), a novel fibre bundle which leads to an alternative decomposition of collective motion into first-order, second-order and higher-order terms (figures 3b and 5b) . The second-order motions are inertia tensor transformations, with allocation of all kinetic energy to changing the ensemble inertia tensor of the collective (figure 1). These motions are in turn decomposed into rotations and deformations (figure 6), including expansions and compressions of the collective. Energy splittings associated with the orthogonal decompositions of snapshots of motion (figure 7) can be used to analyse collective phenomena in nature. This is illustrated by investigation of pigeon flocking ( figure 8 ). The effectiveness of this approach may be assessed through in-depth analysis of additional datasets.
The geometric framework introduced here may also be useful in synthesizing coordinated motion of artificial systems, such as teams of robots, based on the concept of ensemble inertia tensor. Complexity of synthesis in this style does not depend on the number of units in a team, making it preferable to synthesis based on shape variables [24, 28] in certain applications. Some suggestions for investigating these directions are given in [29] .
Data accessibility. The data on pigeon flocks analysed in this paper is from a published dataset (see [14] ), available at http://hal.elte.hu/pigeonflocks.
